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! Chapter 5 i
I o i « L ss 1
"y Continuity and Differentiability "
1 1
1 1
| 1
|' Continuity |'
] ]
'l Definition '.
1 1
1 ! Continuity at a Point: A function f is continuous at c if the following three conditions . !
| are met. |
lI lI
1 o f(x)is defined. |
. lim f(x) exists !
I ° X—C l
l. . ll_l‘l‘lc f(x) = f(c) II
1 II
|I In other words function f(x) is said to be continuous atx = c, if 1
1 i
; lim £(x) = f(c) '
ll A—C N |I
ll II
1 Symbolically f is continuous at x = ¢ I|
|
1 - o |
" if LM ge_py = LM fein) = (o). "
1 1
| |
1 II
|
1 1
1 1
1 {continuous) (Discontinuous) ll
|
1 1
lI One-sided Continuity ll
]
|I « A function f defined in some neighbourhood of a point ¢ for ¢ = cis said to be 1
II continuous at ¢ from the left if ll
’ lim f(x) = f(c) '
1 X—=C 1
II « A function f defined in some neighbourhood of a point c for x ® ¢ is said to be |I
' continuous at ¢ from the right if lI
w lim f(x) = f(c) '
1 X—=C ]
1 1
| 1
1 1
1 1
] ]
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1 1
] 1
1 1
1 1
! i + One-sided continuity is a collective term for functions continuous from the ! i
1 left or from the right. 1
1 ' « Ifthe function f is continuous at c, then it is continuous at ¢ from the left and i '
1 from the right . Conversely, if the function f is continuous at c from the left 1
! I and from the right, then ' I
I lim f(x) lim f(x) = f(c) !
1 + The last equality means that fis continuous at c. i
' . lim f(x) ! :
) « If one of the one-sided limits does not exist, then ¥ ¢ does not exist .
| either. In this case, the point c is a discontinuity in the function, since the B
! " continuity condition is not met. ' I
1 1
¥ I Continuity In An Interval ) |
1 1
.l + A function fis said to be continuous in an open interval (a, b) if fis II
1 continuous at each & every point €(a, b). 1
i 1 « A function fis said to be continuous in a closed interval [a,b] if: ||
I (i) fis continuous in the open interval (a, b) & I
|| (ii) fis right continuous at "a' i.e. ll
1 “n} f(x) = f(a) = afinite quantity. 1
1 X i
'. (iii) fis left continuous at *b' i.e. Il
1 lim f(x) ¢ f(b) = afinite quantity. 1
| Xx—b~ 1
| 1
1 I
|| A function f can be discontinuous due to any of the following three reasons: I I
1 ) 1
I lim f(x) ' I
' I 5 AE does not exist i.e. I
i lim f(x) # lim f(x I
1 X—+C™ ()Tx—:-c*() .I
I. + f(x)is notdefined atx=c W
1 i - 1
|' . ;I(@c f(x) # f(c) |I
0 » Geometrically, the graph of the function will exhibit a break at x= c. I i
1
] ]
[ Example 1. Test the following functions for continuity 1 I
]
1
I| (@)2x5-8x2+ 11 /x*+4x3+ 8x2 + 8x +4 |
L (b) f(x) = 3sin3x + cos2x + 1 / 4cos x - 2 i
1 1
1 Solution. I
1 1
1 1
1 1
I 1
1 1
] ]
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1 1
] 1
1 1
1 1
'. (a) A function representing a ratio of two continuous functions will be (polynomials ll
1 in this case) discontinuous only at points for which the denominator zero. But in 1
.l this case (x* +4x3+8x2+8x+4) = (x2 + 2x+ 2)2=[(x+ 1)2 + 1]2 > 0 (always .l
1 greater than zero) |
II Hence f(x) is continuous throughout the entire real line. II
1 1
l' (b) The function f(x) suffers discontinuities only at points for which the .
1 denominator is equal to zeroi.e. 4 cosx-2=0orcosx=1/2=>x=xan=*1/3 + |
! I 2nm(n=0, +1, +2...) Thus the function f(X) is continuous everywhere, except at the ' I
1 point Xp. 1
II II
| Example 2. I
lI lI
I ( |
.' —2sinx if x < —w/2 |I
1 1
1 = ; . " - 1
1 let 1(x) \ Asinx+ B if —-F<X<} I
1 1
1 ) _ I
i \ cosx if x= % lI
1 1
.' Find A and B so as to make the function continuous. 1 !
1 1
1 ; 5 1
: . Solution. Atx = - /2 |I
I. Lim (-2sinX) RH.L.= Lim_Asinx+B ||
ll X—O_% x—}—-'\? II
1 -n/2-h i
'I where h— 0 II
[ Replace x by - m/2+h 1
I whereh - 0 ll
1
I Il
1 { i { - %
= . _; % - . M I
i lh-'__ffc}—zsml__ 5 h__1=2=|;'_fg Asin | 2+h_I+B:B—A i
0 II
1
1 SoB-A=2..i) It
" Atx =T/2 I
1 II
|I Lim A sinx + BR.H.L. = LiM cos x [
'l x—v% ¥ 2 ll
i Replace x by m/2 - h |
.I Replace x by /2+h !
1 1
1 1
1 1
] ]
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[ [
| |
1 1
1 1
'. where h— 0 '.
1 - i 1
1 IimAsfn(i—h)+B=A+B=Iim cos(—'+h)=0 I
1 h—0 2 h—0 2 1
| |
[ So A+B=0 ..(ii) [
i Solving (i) & (ii), B=1,A=-1 ¥
| |
! I Example 3. Test the continuity of f(x) at x = 0 if I I
1 1
1 1
1 1
i 2—(¢+l) ; B
| _ Jx+1 CREPAE & 1 |
| flx) = {( ) # |
1 1
1 0, x=0 1
1 1
1 1
.I Solution. For x < 0, ! I
L LH.L = M fx) = M £ — ) :I
1
1 i
I' i Hllllllh!" = | l I
" = Im @-h+q) ORI _ M (3 _pp=(1-0p2=1 "
1 Il
|I f(0) = 0. & R.H.L = M f(x) = M f(o + h) |I
1
1 II
1 0¥ b .2
1 L.H.L. = R.H.L. # f(0) Hence f(x) is discontinuous at x = 0. I|
]

!
|l Example 4. If f(x) be continuous function for all real values of x and satisfies; |
I' x2 + {f(x) - 2} x + 2v3 - 3-V3.f(x) = 0, for x € R. Then find the value of f(/3 ). .'

] 1
II Solution. As f(x) is continuous for all x € R. II
1 1
lI Thus, II

I Iim f(x)=f(3) '
1 X—l'\-""g I

I 1
1 where i
0 f(x) =x2-2x+2V3-3/V3-xx%/3 g

' ll
1 : - x2-2x+243-3
1 ! xl-lun;"a f{x) = x[lE}E \.';3 —x 1 '

] 1
1 1

1 1
1 1

i |
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1 1
] 1
1 1
1 1
[ s [
i _ fim 23 -x)3-x) =113} i
1 %3 (+2-x) 1
1 1
1 1
o f(v3) = 2(1-V3). I
1 1
|I Example 5. |I
1+8008 2x+bcos4x
I| Let f(x) = X sirF x ,ff x#0 '.
i c if x=0 I
" If £(x) is continuous at x = 0, then find the value of (b+c)3-3a. 8
1 1
II Solution. II
1 1
1 . 1+acos2x +bcos4x I
|I |;1_[El & as x =0, Il
1 1
1 1
g Nr->1+a+bDr—0 .
[ for existence of limita+b+1=0 1
1 i
I| . acos2x+bcosdx—(a+b) I|
. - c=Lim R (2) I
|' all—cos2x) | b{1-cos4x) II
! = —lim —£ 2 1
'. x=0 X2 II
1 limitof N'= 2a+8b=0=a=-4b 1
.' hence ||
1 -4b+b=-1 i
ll =>b=1/3anda=-4/3 l|
1 II
1
1 T 4(1—cos2x)—(1-cos 4x) |
I hence c = LiM e .I
I| = 8 sin2x - 2 sin22x / 3x* = 8 sinZx - 8sinZxcos?x / 3x* |
1 1
.' =8/3.sin2x /x2.sin’x /x2=8/3 |I
1 1
" Ser=1/2(e>A/x+B/x)=>x.eA=1/2 (e%.A+B) '.
1 1
II Example 6. .l
1 1
1 1
] |
1 1
1 1
1 1
1 1
1 1
1 1
1 1
] ]
l---------------------- Pagesof51 ----------------------I

Get More Learning Materials Here : i m &N www.studentbro.in



af1—xsin .r;; bcos X+5 ¥ <0

Let f(x) = {3 . x=l
(1+ (=) x>0

If f is continuous at x = 0, then find the values ofa,b, c & d.

Solution.

- ooa(l-xsinx)+bcosx+5
f(o7) = K% 2

r

for existence of limit a+b+5=0

_ Limit A(1—x sinx) —(a +9) cosx +5

x—0 XQ

Limit @ (1—cosx) + 5 (1- cosx) —ax sinx
= =0 xz
=a/2+5/2-a=3
2>a=-1=>b=-4

x(c+ d)-{zj]mt
T+ ———
X

f (o) = i [
for existence of limit c=10

Limit } dx

Umd (1 + dyy = &

=ed=3=d=1In3

Example 7. Let f(x) = x3 = 3x2 4 6 vxeRand
b = max {f(t) : x+1<t<2,-3<x<0}
g = 1—x for x>0

Test continuity of g (x) for x € [-3, 1].

Solution. Since f(x) = x3- 3x2 4+ 6 = f(x) = 3x2 - 6x = 3x (x - 2) for maxima and 1

minima f'(x) =0

Get More Learning Materials Here : & m

@’E www.studentbro.in



1 1
I 1

1 1
I I

1 1
I Y I

1 1
] ]
1 1
| x=0,2 II
" f'(x) = 6x- 6 I
1 ' (0) = -6 < 0 (local maxima at x = 0) |l
i f' (2) = 6 > 0 (local minima at x = 2) I
Il x3 - 3x2 + 6 = 0 has maximum 2 positive and 1 negative real roots. f(0) = 6. I|
1 Now graph of f(x) is : I
1 Clearly f(x) is increasing in (- «, 0) U (2, <) and decreasing in (0, 2) ll
. SX42<0=x<-2>-3<x<-2 i
I =-2<x+1<-land-1<x+2<0 !
ll in both cases f(x) increases (maximum) of g(x) = f(x + 2) 1
1 g(x) =f(x+2); -3<x<-2..(1) |I
|. andifx+1<0and0<x+2<2 1
II -2 <x<-1then g(x) =f(0) I|
1 I
ll Nowforx+1>20andx+2<2=-1<x<0,gx)=f(x+1) II
1 I
ll {r(mz) . —3<x<-2 I|
1 Henceg(x) = | T0) : -2=x<-1 i
1 fix+1) : —1<x<+0 1
i 1-x 1 x20 ol
ll Hence g(x) is continuous in the interval [-3, 1]. II
1 1
1 I Example 8. Given the function, 1 .
1 ]
l| fx)=x[1/xAQ+x)+1/A+x(A+2x)+1/(1+2x)(1 + 3x) + ...upto o II
1 1
1 Find f (0) if f (x) is continuous atx = 0. 1 )
lI 1
0 Solution. i
1 1
1 1
1 1
1 1
1 1
] ]
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| 1
] ]
1 1
II S II
.I £(x) = 1 +(1+2x)—(1+x)L(1+3x)—(1+2x)+ L(1+nx)—(1+n—1x) .I
I Tl+x (M+x)(1+2x) (1+2x) T 1 +n—1x)(1 +nx) I
'| f(x)=2/1+4+x-1/1+ nxuptonterms when x #0. l|
|I Hence |I
1 2 =t . 1
| F(x) = ox i x#0 and n— o ;
1 2 if x=0 for continuity. 1
lI II
i I Example 9. Let f: R =R be a function which satisfies f(x+y3) = f(x) + (f(y))3Vx,y € . !
§ R. If fis continuous at x = 0, prove that f is continuous every where. i
| 1
|I Solution. |I
1 1
:I To prove :|
lim f(x +h) = flx
' fim £x + h) = f(x) '
1 Put x =y = 0 in the given relation f(0) = f(0) + (f(0))3=f(0) =0 i
'| Since fis continuousatx =0 ll
I| To prove II
lim f(x +h) =Fflx
| lim £x + h) = £(x "
1 Il
1 .
1 lim f(h) = f(0) = 0. !
|. II
Il Now, M F(x + h) = M f(x) + (f(h))? II
i = f(x) + 0 =f(x). II
|' Hence fis continuous for all x € R. |I
1 §
'. Theorems of Continuity :|
|
. ' Theorem 1. If f & g are two functions that are continuous at x= c then the functions 1 '
B defined by F1(x) = f(x) + g(x) ; F2(x) = Kf(x) K any real number ; F3(x) = f(x).g(x) i
'I are also continuous at x= c. '.
1 F(x) = L) 1
II Further, if g (¢) is not zero, then * 9x) s also continuous at x = c. ll
I 1
1 Theorem 2. If f(x) is continuous & g(x) is discontinuous at x = a then the product 'I
II function g(x) = f(x) . g(x) is not necessarily discontinuousatx =a. |I
]
1 s 1
i = _|sing x=0 1
) e.g. f(x) = x & g(x) a x g 1
1 1
1 1
1 1
1 1
] ]
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1 1
] 1
1 1
1 1
II Theorem 3. If f(x) and g(x) both are discontinuous at x = ll
II a then the product function g(x) = f(x) . g(x) is not necessarily discontinuous at x Il
1 R 1
] 1
! 1 x20 !
I 0. f(x) = —g(x) = - I
i e.g. f(x) = -a(x) (_1 <0 i
1 1
! 1 Theorem 4: Intermediate Value Theorem 1 1
1 1
.' « Iffis continuous on the closed interval [a, b] and k is any number between .l
II f(a) and f(b), then there is at least one number c in [a, b] such that f(c) = k. II
] ]
1 Note: 1
1 " 1
1
1 ¢« The Intermediate Value Theorem tells that at least one c exists, but it 1
.I does not give a method for finding c. Such theorems are II
1 called existence theorems. 1
Il » Asasimple example of this theorem, consider a person's height. II
1 Suppose that a girl is 5 feet tall on her thirteenth birthday and 5 feet 7 |
'| inches tall on her fourteenth birthday. Then, for any height h between 5 ll
1 feet and 7 inches, there must have been a time t when her height was |
l' exactly h. This seems reasonable because human growth is continuous II
1 and a person's height does not abruptly change from one value to 1
'. another. II
I » The Intermediate Value Theorem guarantees the existence of at least 1
I 1 one number c in the closed interval [a, b]. There may, of course, be II
1 more than one number c such that f(c) =k, as shown in Figure 1. A |
.l function that is not continuous does not necessarily possess the I I
[ intermediate value property. For example, the graph of the function 1
ll shown in Figure 2 jumps over the horizontal line given by y = k and for II
1 this function there is no value of c in [a, b] such that f(c) = k. i
II o The Intermediate Value Theorem often can be used to locate the zeroes .I
1 of a function that is continuous on a closed interval. Specifically, if f is 1
II continuous on [a, b] and f(a) and f(b) differ in sign, then the II
1 intermediate Value Theorem guarantees the existence of at least one i
.I zero of f in the closed interval [a, b]. ll
1 1
1 1
1 1
1 1
1 1
] |
1 1
1 1
1 1
1 1
1 1
I 1
1 1
] ]
A Page 9 of 51 %
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a‘«. 3 % a b
)  (Pig 1{ (Fig. 2)
fis continuous on [a, b]. (For k, f is not continuous on [a, b].
there exist 3 ¢'s.) (For k, there are no ¢'s.)
f(x)=x>+2x-1
b/
2 [1: 2}
1 (e 0}

-1 / 71
7 {01 ‘1}
(Fig. 3)

f is continuous on [0, 1] with
f(0) < 0 and £(1) > 0.

Example 10. Use the Intermediate Value Theorem to show that the polynomial
function f(x) = x3 + 2x - 1 has a zero in the interval [0, 1]

Sol. Note that fis continuous on the closed interval [0, 1]. Because

f(0)=03+2(0)-1=-1 and f(1)=13+2(1)-1=2

it follows that f(0) < 0 and f(1) > 0. You can therefore apply the Intermediate Value
Theorem to conclude that there must be some cin [0, 1] such that f(c) = 0, as shown
in Figure 3.

Example 11. State intermediate value theorem and use it to prove that the
1

equation - X+3 has at least one real root.

— _
X=5 = X+3

Sol. Let £(x) = first, £(x) is continuous on [5, 6]

@’E www.studentbro.in
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1 1
] 1
1 1
1 1
l| L . l|
i Alsof(5)=0—a=—g<0,f(5) 1
1 1
1 1
] 1 8 1
1 f(é)=1-—-=—->0 1
1 2 1
1 1
1 1
1 89 7 1
'| -1/8 T I|
1 1
1 1
I. Hence by intermediate value theorem E at least one value of ¢ € (5, 6) for which f (c) I.
1 =0 1
1 1
" ' : "
: SNe=3 - g =0 !
1 I
1 1
I Jx-5 = 1 and c £ (5, 6) ll
' . c is root of the equation x+3 I
1 1
.' Example 12. If f(x) be a continuous function in [0, 2x] and f(0) = f(27) then prove ||
l' that there exists point ¢ = (0, 7) such that f(c) = f(c + =). I|
1 1
i Sol. 1
|. II
| Let g(x) = f(x) - f(x + m) ....(1) I|
1
|I atx = m; g(m) = f(m) - f(2m) ....(ii) |I
1 |
" atx = 0, g(0) = £(0) - () ..(iii) i
1 1
II adding (ii) and (iii), g(0) + g(m) = f(0) - f(2m) .l
1 1
g = g(0) + g(m) = 0 [Given f(0) = f(21) = g(0) = -g() gl
1 1
ll => g(0) and g(m) are opposite in sign. II
] ]
II = There exists a point c between 0 and p such g(c) = 0 as shown in graph; ll
1 1
1 From (i) putting x = c g(c) = f(c) - f(c +m) = 0 Hence, f(c) = f(c + m) Il
1
] |
| Differentiability of a Function and Rate of Change 1 |
II 1
1 1
1 1
1 1
1 1
] 1
l---------------------- Page110f51 ----------------------I
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1 1
] 1
1 1
1 1
i D. Differentiability i
1 1
.' Definition of Tangent : If f is defined on an open interval containing c, and if the limit .'
] 1
1 / 1 AYY— 1
I lim ﬁ = lim w I
1 e MAK I AX = m exists, then the line passing through (c, f(c)) with 1
II slope m is the tangent line to the graph of f at the point (c, f(c)). II
] ]
! I The slope of the tangent line to the graph of f at the point (c, f(c)) is also called the ' I
1 slope of the graph of fatx = c. 1
1 1
1 1
1 The above definition of a tangent line to a curve does not cover the possibility of a 1
ll vertical tangent line. For vertical tangent lines, you can use the following definition. ll
1 If f is continuous at ¢ and |
1 1
1 1
1 lim|f(c-;3x)—f(c)| . I
] _x—-ul AX I 1
1 1
1 1
i 1 then the vertical line, x = ¢, passing through (c, f(c)) is a vertical tangent line to the II
1 graph of f. For example, the function shown in Figure has a vertical tangent line at (c, 1
|' f(c)). If the domain of f is the closed interval [a, b], then you can extend the II
1 definition of a vertical tangent line to include the endpoints by considering 1
l. continuity and limits from the right (for x = a) and from the left (for x = b). II
1 1
1 Vertical 1
1 7 tangent I
1 ling. 1
1 i
1 1
1 I i
" (e ) I
1 1
1 1
1 1
. 1
II = 5 .
] Figure i
I The graph of f has a vertical 1
. 0 tanent line at (c, f(c)). 1 !
] 'I
" iim [fE+A0-fa) i
I Ax—0 g .
1 1
[ _ |f(b+ Ax)- f(h)‘ 1
1 im ———| = s [ |
Ax—l AX
1 1
1 1
1 1
1 1
1 1
I 1
1 1
] ]
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1 1
] 1
1 1
1 1
! i In the preceding section we considered the derivative of a function f at a fixed ! i
1 number a: 1
1 ! 1 !
| . f@+h)-fa) |
fi(a) = im—————
1 1
I e - - {1) I
1 1
; I Note that alternatively, we can define ! '
] ]
1 Limit f(x)-f(a) 1
fe(a) = 7, ; i . wo
1 ; HE= s T x-a provided the limit exists. 1 !
1 1
' I Here we change our point of view and let the number a vary. If we replace a in ! I
1 Equation 1 by a variable x, lI
1
1 - 1
1 ) = “mw 1
lI we obtain 30 n -(2) II
1 1
1 Given any number x for which this limit exists, we assign to x the number f'(x). So 1
' I we can regard ' as a new function, called the derivative of f and defined by Equation I I
1 2. We know that the value of f'(x), can be interpreted geometrically as the slope of 1
I' the tangent line to the graph of f at the point (x, f(x)). I !
1 1
'. The function f' is called the derivative of f because it has been "derived" from f by II
[ the limiting operation in Equation 2. The domain of f' is the set {x|f'(x) exists} and 1
I' may be smaller than the domain of f. II
1 I
" Average And Instantaneous Rate Of Change I I
1 1
1 Suppose y is a function of x, say y = f(x). Corresponding to a change from x to x + Ax, i
'I the variable y changes from f(x) to f(x 4+ Ax). The change iny is Ay = f(x + Ax) - f(x), I|
1 : and the average rate of change of y with respect to x is 1 ;
1 , 1
" changeiny Ay f(x+ Ax)—-f(x) I|
I Average rate of change = changeinx  Ax X I
1
i
|| As the interval over which we are averaging becomes shorter (that is, as 4x — 0), 1
II the average rate of change approaches what we would intuitively call .'
i the instantaneous rate of change of y with respect to x, and the difference quotient i I
1
' -y '
lI approaches the derivative 4%~ Thus, we have II
1 1
1 1
1 1
1 1
1 1
I 1
1 1
] ]
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1 1
] 1
1 1
1 ; 1 I
'| ||m£: |Imw =f'(x) 'I
" Instantaneous Rate of Change = »#~92aX =1 X i
1 1
i ! To summarize : i '
1 1
I : Instantaneous Rate of Change 1 i
1 1
0 Suppopse f(x) is differentiable at x = xo. Then the instantaneous rate of cange of y = 0
1 F : : ) N . 1
i (x) with respect to x at xo is the value of the derivative of f at xo. That is i
1 1
1 1
1 ﬂ 1
] ]
lI Instantaneous Rate of Change = f'(xo) = ™™ lI
1 1
1 Ex.13 Find the rate at which the function y = x2 sin x is changing with respect to x 1
! 1 whenx= 7, I I
1 1
1 i For any x, the instantaneous rate of change in the derivative, 1 .
1 I
1 1
. Sol. I
; 1 I i
L/ T 2
II % 2% sin X + x? cos X II
1 1
1 1
! i Thus, the rate whenx =ais dx I I
1 x-x = 2 sin T + m2 cos ™ = 2n(0) + w2 (-1) = -mw? 1
1 i
' I The negative sign indicates that when x = 1, the function is decreasing at the rate I I
1 of 72 = 9.9 units of y for each one-unit increase in x. II
1
1 1
1 Let us consider an example comparing the average rate of change and the i
II instantaneous rate of change. .I
1 1
- Ex.14 Let f(x) =x2- 4x + 7. il
] 1
1 . (a) Find the instantaneous rate of change of fatx = 3. 1 .
1 1
| (b) Find the average rate of change of f with respect to ] 1
1
I 1
[ X between x = 3 and 5. 1
] |
1
v Sol. '
1 1
1 1
1 1
I 1
1 1
] ]
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1 (fromx=3tox,=3) 1
1 Figure 1
|I II

1 (a) The derivative of the function is f'(x) = 2x - 4 Thus, the instantaneous rate of I|
.l change of fat x = 3 is f'(3) = 2(3) - 4 = 2 The tangent line at x = 3 has slope 2, as I
ll shown in the figure II
1 1

1 (b) The (average) rate of change from x = 3 to x = 5 is found by dividing the i
'| change in f by the change in x. The changeinffromx=3tox=5is ll
1 1
l' f(5)-f(3) =[52-4(5)+7]-[32-4(3)+7] =8 II

1 1
1 f(5)-f(3) 8 1

! .. 53 2 1 '
1 ; Thus, the average rate of change is . II
1 1

[ The slope of the secant line is 4, as shown in the figure. I |
1
|l Derivability Over An Interval i ;

1 §
L i Definition : A function f is differentiable at a if f'(a) exists. It is differentiable on an ' i
II open interval (a,b) [or(a, =) or (== a) or (- =, ©) ] if it is differentiable at every .I
I number in the interval. 1

1 |

|
' i Derivability Over An Interval : f(x) is said to be derivable over an interval if it is i
1 derivable at each & every point of the interval. f(x) is said to be derivable over the 1 '
|' closed interval [a, b] if : [

1 1
II (i) for the pointsaand b, f'(a+) &f'(b-) exist & '.
1 (ii) for any point c such thata <c <b, f'(c+) & f'(c-) exist & are equal . ll

]

1 1

1 How Can a Function Fail to Be Differentiable ? y |
1

1 1
1 1

I 1
1 1

i ]
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I - - - ] - - - - - - - - - - - - - - - L - L] - - - - - - I
1 1
] 1
1 1
1 1
'. We see that the function y = |x| is not differentiable at 0 and Figure shows that its '.
1 graph changes direction abruptly when x = 0. In general, if the graph of a function f 1
.l has a "corner” or "kink" in it, then the graph of f has no tangent at this point and f is .l
1 not differentiable there. [In trying to compute f'(a), we find that the left and right 1
II limits are different.] II
1 1
1 . 1
I K I
] ]
1 1
1 1
1 1
1 1
1 X 1
] ]
ll }"=ﬂx_l=|xl ll
1 Figure 1
1 " 1
'| There is another way for a function not to have a derivative. If f is discontinuous at a, I
'l then f is not differentiable at a. So at any discontinuity (for instance, a jump I g
1 discontinuity), f fails to be differentiable. 1
1 I
'| A third possibility is that the curve has a vertical tangent line when atx = ! I
1 lim ¢ e 1
' a] ¥—3 lf (x} | x I
1 1 .
1 ; ; ’
[ This means that the tangent lines become steeper and steeper as x — a. Figure (a, b, 1
d 1 c) illustrates the three posibilities that we have discussed. II
1 I
1 1
1 i
1 ; . 1
I 7 3' I
1 1 I
[ _f/
1 1
1 1
1 . ) |
1 I t > a B i I
! i (a) A comer (b) A discombinuity ]
1 1
i
1 l ¥ 1
] ]
1 1
1 1
1 1
1 1
1 } > 1
I - I
1 i (c) A Vertical tangent ! I
1 1
1 1
1 1
1 1
1 1
] ]
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[ = = = = = = = = = o m o m = = m o m = = = = = = = = = o= = = =]
1 1
] 1
1 1
1 1
1 1
] Limit f(a+ h)-f(a) ]
. i Right hand & Left hand Derivatives By definition: f'(a) = " h L i
1 1
II (i) The right hand derivative of f' at x = a denoted by f '+(a) is defined by : II
1 1
' Limit f(a+h)-f(a) "
' frli(a) = ** h , provided the limit exists & is finite. '
1 1
.' (ii) The left hand derivative of f at x = a denoted by f '-(a) is defined by : ll
1 1
" i 1ta—h)-1(a) |
[ f'-(a) = B -h , Provided the limit exists & is finite. We also write f [
T +(@) =f'@) &f-@)="f). 'y
1 1
.l f'(a) exists if and only if these one-sided derivatives exist and are equal. II
1 1
1 1
1 II
1 .
| ‘ xe'* 5 |
1 Ex.20 If a function f is defined by f(x) = l 0 .x=0 show that f is continuous but I|
'. not derivableatx =0 1
1 1
1 ix 1x I
" im 2 _ fim -2 _ im —* "
. Sol. We have f(0 + 0) =*">%1+e i e 2= I
1 I
1 1l x |
[ iim € _ 7
ll f(0-0) = *0-01+e"* = |I
1 II
.' Alsof(0) =0 --f(0+0)=f(0-0)=f(0)= fis continuousatx =0 1
1 1
1 xe!'* 1
1 i —“-0 1 |
' jim OOy 126" 7 iy € i T "
lI Again f'(0 + 0) = == X = x—0-0 X x=0-0]+p x—=00 @ 4 = I
] ]
I xeh’x U ; 'l
1 o _ _ x
I |i_anOLg(0) = fm 1xe™ im - - "
. F{D=0) =™"% X~ x=0-0 X —0-01+e"™ _ |
] lI
'. Since f'(0 + 0) = f'(0 - 0), the derivative of f(x) at x = 0 does not exist. i
1 1
1 1
1 1
I 1
1 1
] ]
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[ = = = = = = = = = o m o m = = m o m = = = = = = = = = o= = = =]
| 1

] ]
1 1

| |
; 53 H ,

| X4— F —
ll Ex.21 A function f(x) is such that Ny ~ YR HERE , if it exists. ll
| ) _ 1

I [ 1
I flx+%} % m:r["_} I
II Sol. Given that= ' = II
II II

(T[ A" If?r'

0 fl - +h|-f L T 0
I wiim l_2+ ] l__2_J=2 Il 2. 4 I

i h—=0 h i
1 1
II i II

w |
1 = and f [L]:"m L2 J 2) = = 1

1 | 2 -h ~h 1
1 ’ 1

1 1
ll f f.g-w" doesn't exist II
I = \2} 0esn € exIst, I

1 1
I| m Jf2=1)|* I|
II Ex.22 Let fbe differentiable at x = a and let £(a) * 0. Evaluate — =@ | II
II II
1 Lim tM, |
i Sol. /= "= | M@ | (1= form) !
I. i ] II

i [ fla=tn)-f(a)| i [ . f(a+h)-f(a) 1 f'{a)

: e I e '
Il j—e ) f(a) ) S h=sl) h fla) — gfta) (putn= 1/1’1) II
1 1

1 I
1 II

I S i e . .

lI Ex.23 Let f: R = R satisfying |(X)] = X% ¥ X = R then show f(x) is differentiable at x |I
1 =0. 1

] 1
I. Sol. Since, If(X)l £x*, v xeR -~ atx=0, [f(0)|20=f0)=0 ..(i) I|
1 1

I i I
II h—0 =0 h (i) {f(0) = 0 from (i)} I

1 .l
|

1 (h) (h) (h) 1
1 Slhl= -Th]zf =< III—L'L“fh 1

8 Now, 0 — 0 ...(iii) {using Cauchy- |
'I Squeeze theorem} ll
1 1

1 1
| 1

] ]
1 1

i ]
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[ = = = = = = = = = o m o m = = m o m = = = = = = = = = o= = = =]
[ [
| |
1 1
II lI
'I - from (ii) and (iii) , we get f'(0) = 0. i.e. f(x) is differentiable at x = 0. 'l
1 1
[ F. Operation on Differentiable Functions [
| |
I| 1. If f(x) & g(x) are derivable at x = a then the functions f(x) + g(x), f{(x) - g(x), f(x). I|
'. g(x) will also be derivable atx =a & if g(a) * 0 then the function f(x)/g(x) will also '.
I . be derivable at x = a. I ‘
1 1
i If f and g are differentiable functions, then prove that their product fg is i
. I differentiable. . I
1 1
I ' Let a be a number in the domain of fg. By the definition of the product of two I I
1 functions we have I|
1
1 1
" (fg) (a) = f(a) g(a) (fg) (a +t) = f(a + t) g(a + 1). II
1
', imf@a+0-(igia) _ .. fa+tjgla+t)-fla)ga) I|
'| Hence (fg)' (a) = 0 t t=0 t |I
1
I' The following algebraic manipulation will enable us to put the above fraction into a I I
1 form in which we can see what the limit is: I|
1
1 1
[ fla+t)gla+t)-fla)g(a) =fa+t)gla+t)-f(a)g(a+t) +f(agla+t)-f(a) ga |I
1
" = [f(a + 1) - f(@)] g(a+ ) + [8(a + 1) - g(a)] F(a). :.
1
1 N e, 1 i
1 lim wg(a_ﬂ_wf(a)“ |
S Thus(ey@="0 " . I
1 §
'I The limit of a sum of products is the sum of the products of the limits. Moreover, ll
1 f'(a) and g'(a) exist by hypothesis. Finally, since g is differentiable at a, it is lI
| li
|I continuous there ; and so w0 903+ _ f(a). We conclude that |I
| . 1
l| ling[f(a—t:—f(a)g(a_t)__g{a +tt}_g(a)f(a),. lI
1 (f®)'(@="" - !
1 .I
| ¢ '
’ =f(a)g(a) + g'(a)f(a) = (fg + g (a). !
'. 2. If f(x) is differentiable at x = a & g(x) is not differentiable at x = a, then the I|
lI product function F(x) = f(x).g(x) can still be differentiable at x = a e.g. f(x) = x and 'I
= | x| '
lI g(x) : J
1 1
1 1
1 1
] ]
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[ = = = = = = = = = o m o m = = m o m = = = = = = = = = o= = = =]
1 1
] 1
1 1
1 1
'. 3. If f(x) & g(x) both are not differentiable at x = a then the product function ; ll
1 1
|I F(x) = f(x). g(x) can still be differentiable atx = a e.g. f(x) = ' X | & g(x) = x| |l
] 1
I| 4. If f(x) & g(x) both are non-deri. at x = a then the sum funct_ion F(x) = f(x) + g(x) I|
I. may be a differentiable function.e.g. f(x) = '*! & g(x) =- %/, I.
1 1
ll 5. If f(x) is derivable at x = a = f'(x) is continuous at x = a. Il
1 1
g x?sinl if x=0 !
1 = e 1
| eg.f(x) = 0 ifx=0 |
1 1
1 1
1 1
1 II
: 1 G. Functional Equations : 1
1 . |
[ Ex.24 Let f(xy) = xf(y) + yf(x) for all x, ¥ = R" and f(x) be differentiable in (0, o) 1
. J then determine f(x). i '
1 I
" Given f(xy)= xf(y) + yf(x) 1 I
1 1
l. Sol. Replacing x by 1 and y by x then we getx f(1) =0 II
| ' ,{ II
i , e+ h)-1(x) _ T[ " J i (
II Now, f(x)= M’é o | |I
.l ' II
1 1+:J+f1+2 fF(x)—1(x) 1
1 = lim x 7 I
1 h=+0 h 1
1 1
: h} h .I
II | xf{1+xJ xf(x) |I
! =i h !
I II
1 - 3
o 1+ 2 f fx . I,
o - “[*'n)’*'h'm—=ff() 1 i
1 \X !
1 1
' XP(x)—f(x) (1) |I
f -
e = ) - 18 gy TR T ;
1 1
1 1
1 1
I 1
1 1
] ]
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[ = = = = = = = = = o m o m = = m o m = = = = = = = = = o= = = =]
[ [
| |
1 1
lI lI
" d [T09] _T() I
1 ~ dx { X } X 1
lI ll
II On integrating w.r.t.x and taking limit 1 to x then f(x)/x - f(1)/1 =f(1) (Inx-1In 1) II
1 1
1 f(x) 1
I = — -0=Ff{1)Inx !
[ x [
0 0
b ~ f(1) =0) « f(x) =f(1) (xInx) '
1 1
Il Alternative Method : Il
| |
lI Given f(xy) = xf(y) + yf(x) I I
1 1
.I Differentiating both sides w.r.t.x treating y as constant, f' (xy) .y = f(y) + yf' (x) II
|l Puttingy =x and x = 1, then I:
1
W PO = ) + ) '
1
i XX)-1x) 1) o
1 = x* X !
1 1
1 o 1
1 d [@‘ =@ 1
II = e X X II
1 II
I| Integrating both sides w.r.t.x taking limit 1 to x, I|
1
j 1) i
'| m—g=1“‘{1){ln}'z—lnl} = T-U=F(1)|“K |
[ * [
1 1
" Hence, f(x) =- f(1)(x In X). "
1 1
! - _, 4 e o ol I
i Ex.25 If €7f(xy) = e7f(x) + e¥f(y) vx, v = R*, and £(1) = e, determine f(x). "
1 1
'
I| Sol. 'l
|I Given e f(xy) = e*f(x) + e¥f(y) ...(1) II
1
1
b Putting x =y = 1 in (1), we get f(1) = 0 ..(2) I
lI 1
[ 1
1 1
1 1
1 1
1 1
i |
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[ = = = = = = = = = o m o m = = m o m = = = = = = = = = o= = = =]
|I [
1
! 1
: I
|I 1
I
'I o B m !L@of(x+hr:—f{x} i
1 lI
HY |
" . fH“ x,JJ_f(x'n I
1 = lim 1
1 e n 1
l| l|
h s
b e*‘i"{e‘"t(x)+e'1!r| 1+ : ]1_2*(e'*f(x)+e"‘f(1)) '
[ =li 3 ) 1
| -0 h II
; |
II et (R 1
1 ei(x)+e "f[1+ xl—f(x)—e*“fﬁ) [
1 =i 4 II
1 hs h
1 II
i 1
. 1
j 1
|| o f h) ll
1 PR e *fl1+
] -1 . L X |
i PR il e MM ()= 0) |
1 " P,
[ X h
ll 1 |
g =t a2 Sy B2 b ay-w) !
|. II
| ,e* 1 II
Il f() = f(x) + — = exf(x) —exfix) = T I
1 II
i d 1 I
l| = gx (&) =3 .I
: 1
' 1
II On integrating we have e*f(x) =Inx+catx=1,c=0 i
1
|
.' s~ f(x) =exInx II
1
|
1 Ex.26 Let f be a function such that f(x + f(y)) = f(f(x)) + f(y) x, ! "
| y 7 % y=Randf(h)=hfor0<h <=z wheree> 0, then determine f"(x) and f(x). "
) 1
" Sol. Given f(x + f(y)) = f(f(x) + f(¥)) ..(1) I
. 1
.' Putx =y =0in (1), then f(0 + f(0)) = f(f(0)) + f(0) = f(f(0)) = f(f(0)) + f(0) |l
g 1
y |
; 1
lI 1
= = - - - - - - = - - Page 22 Of 51 --- - [ | - - - - - - - 1
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[ = = = = = = = = = o m o m = = m o m = = = = = = = = = o= = = =]
1 1
] 1
1 1
II II
I ~£(0) =0..(2) i
'I 'I
) f(x +h)—=f(x)
'I Now f(x) = lim—=———— lI
1 1
i f(f(h i
" = im0 from (133 "
1 1
lI II
__f{h) h_
.' = Im (- f(h) = h) =i|j_rf‘ah-1- .'
II II
1 Integrating both sides with limites 0 to x then f(x) =x ~ f(x) = 1. 1
1 1
1 . 1
1 Theorems of Continuity |l
1
'| C. Theorems of Continuity I|
1 1
1 ; THEOREM-1 If f & g are two functions that are continuous at x= c then the functions 1 '
1 defined by F1(x) = f(x) + g(x) ; F2(x) = Kf(x) Kany real number ; F3(x) = f(x).g(x) II
'| are also continuous at x= c. I
1 F.(x) = f(x) 1
l' Further, if g () is not zero, then * 9x) is also continuous at x = c. II
1 1
i THEOREM-2 If f(x) is continuous & g(x) is discontinuous at x = a then the product I
1 — —f . v di : _ 1
1 unction g(x) = f(x) . g(x) is not necessarily discontinuousatx=a. |I
1
1 . 1
I _ _ |sing x=0 I
I e.g. f(x) = x & g(x) { 0 X ) 1
ll II
ll THEOREM-3 If f(x) and g(x) both are discontinuous at x = II
1 a then the product function g(x) = f(x) . g(x) is not necessarily discontinuous at x i
— 1
II =a. 1
1 1
[ ~ 1 xz20 I
lI E-g-f(X)—-g(x)-L1 _—_— |I
1 1
i . Theorems-4 : Intermediate Value Theorem . '
1 1
II If fis continuous on the closed interval [a, b] and Kk is any number between f(a) and .I
I f(b), then there is at least one number c in [a, b] such that f(c) = k. 1
] |
' I Note that the Intermediate Value Theorem tells that at least one c exists, but it does ! 1
1 not give a method for finding c. Such theorems are called existence theorems. 1 !
|I 1
I 1
1 1
] ]
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[ = = = = = = = = = o m o m = = m o m = = = = = = = = = o= = = =]
1 1
] 1
1 1
1 1
Il As a simple example of this theorem, consider a person's height. Suppose that a girl ll
1 is 5 feet tall on her thirteenth birthday and 5 feet 7 inches tall on her fourteenth 1
1 ' birthday. Then, for any height h between 5 feet and 7 inches, there must have been a i ¥
1 time t when her height was exactly h. This seems reasonable because human growth 1
A I is continuous and a person's height does not abruptly change from one value to L I
1 another. :
1 ! 1 I
1 The Intermediate Value Theorem guarantees the existence of at least one number c |
'l in the closed interval [a, b]. There may, of course, be more than one number ¢ such 'l
1 that f(c) = k, as shown in Figure 1. A function that is not continuous does not 1
. I necessarily possess the intermediate value property. For example, the graph of the . I
1 function shown in Figure 2 jumps over the horizontal line given by y = k and for this 1
L. function there is no value of ¢ in [a, b] such that f(c) = k. "
1 1
.' The Intermediate Value Theorem often can be used to locate the zeroes of a function II
1 that is continuous on a closed interval. Specifically, if f is continuous on [a, b] and 1
'l f(a) and f(b) differ in sign, then the intermediate Value Theorem guarantees the II
[ existence of at least one zero of f in the closed interval [a, b]. 1
1 I
II 00 =x"+2x-1 I|
[ A I
l ' rky iLy I I
1 I f(a) |- - f(a) 21 (1,2) [ |
1 ; \\ 1 o l y
I St o o k - €0
I A T / I
" i " [p— Sz’ — L >x "
; > i s o) i
1 2 ot ! 1 - ), —
1 as 8 l ? L / 1 '
I (Fig. (Fig. 2) "
1 f is continuous on }a; b]. (Fork, fisnotcontinuouson [a, b].  fis con‘l:mu(:l;%'osx{ [0,1] with I I
. ! there exist 3¢’s) (Fork, there are no ¢'s.) f{0) <0 and f(1) > 0. 1
1 1
. I Ex.10 Use the Intermediate Value Theorem to show that the polynomial function ' i
II f(x) = x3 + 2x - 1 has a zero in the interval [0, 1] 'I
1 1
I Sol. Note that f is continuous on the closed interval [0, 1]. Because 'I
1
1
i f(0)=03+2(0)-1=-1 and f(1)=13+2(1)-1=2 i
1 1
1
ll it follows that f(0) < 0 and f(1) > 0. You can therefore apply the Intermediate Value 1
1 Theorem to conclude that there must be some c in [0, 1] such that f(c) = 0, as shown ll
.' in Figure 3. [
1 1
1 1
I 1
1 1
] ]
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[ = = = = = = = = = o m o m = = m o m = = = = = = = = = o= = = =]
1 [
1 1
1 1
1 1
. I Ex.11 State intermediate value theorem and use it to prove that the ' "
1 f—F - LB 1
1 ' equation - X+3 has at least one real root. i '
1 1
1 - 1 1
| ,Jx _5 = — . . |
II Sol. Let f(x) = X+3 first, f(x) is continuous on [5, 6] lI
1 1 1 1
I I
1 Alsof(5)=0—ﬁ=-g<0;f(6) |
1 1
1 1
1 1
1 8
! =1-3°%9 1
' f(6)=1 397 0 I
1 1
1 1
1 89 o 1
lI Il
1 —1/8 : 5;/ 6 |
1 1
|l II
; 1 Hence by intermediate value theorem E at least one value of ¢ € (5, 6) for which f (c) II
1 =1 y
|' ; II
[ “e=5- 3 =0 I
. c+3 I
1 1
1 r 1 1
| : : Jx—5 = —— and c (5, 6) 1
i c is root of the equation x+3 II
1
1 " I
| Ex.12 If f(x) be a continuous function in [0- 27] and f(0) = f(27) then prove that |
i there exists point © = (0. 7) such that f(c) = f(c + 7). !
1 |
" Sol. b
1 1
_ : 1
II Let g(x) = f(x) - f(x + 1) ....(0) .
1 |
ll atx = m; g(m) = f(m) - f(2m) ....(ii) 'I
1 1
I| atx =0, g(0) = f(0) - f(rr) ...(iii) 'l
1 1
1 adding (ii) and (iii), g(0) + g(m) = f(0) - f(2m) |I
1
1
i = g(0) + g() = 0 [Given f(0) = f(2m) = g(0) = ~g(m) I
1
.' = g(0) and g(1) are opposite in sign. |:
II 1
1 1
1 1
] 1
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[ = = = = = = = = = o m o m = = m o m = = = = = = = = = o= = = =]
1 1
] 1
1 1
1 1
'l = There exists a point ¢ between 0 and p such g(c) = 0 as shown in graph; '.
1 1
.' From (i) putting x = ¢ g(c) = f(c) - f(c +m) = 0 Hence, f(c) = f(c + m) .'
] 1
s Derivability Over An Interval b
1 1
. I Definition : A function f is differentiable at a if f'(a) exists. It is differentiable on an . !
I open interval (a,b) [or(a. =) or (-=.a) or (- =, =) ] if it is differentiable at every I
ll number in the interval. ll
1 1
i I Derivability Over An Interval : f(x) is said to be derivable over an interval if it is i I
1 derivable at each & every point of the interval. f(x) is said to be derivable over the 1
ll closed interval [a, b] if : ll
1 1
1 (i) for the points aand b, f'(a+) & f'(b -) exist & II
:l (ii) for any point c such thata < c < b, f '(c+) & f'(c-) exist & are equal . Il
1 I How Can a Function Fail to Be Differentiable ? i y
1 I
'| We see that the function y = |x| is not differentiable at 0 and Figure shows that its ll
1 graph changes direction abruptly when x = 0. In general, if the graph of a function f |
l' has a "corner” or "kink" in it, then the graph of f has no tangent at this point and f is II
1 not differentiable there. [In trying to compute f '(a), we find that the left and right 1
b limits are different.] II
| 1 I
] =
1 i I
1 i
1 1
1 |
1 1 I
1 .
1 i |
1 1
! y=£6) = |x| "
II Figure 1
I i I
ll There is another way for a function not to have a derivative. If f is discontinuous at a, i
1 then f is not differentiable at a. So at any discontinuity (for instance, a jump ll
.' discontinuity), f fails to be differentiable. 1
1 1
1 ' A third possibility is that the curve has a vertical tangent line when at x = ! I
lim ¢ - 1
' o, M 1F ()] = = .
1 1
] |
1 1
1 1
1 1
I 1
1 1
] ]
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el L L L B R e B R I e By B By Iy Ry e
1 1
] 1
1 1
1 1
! i This means that the tangent lines become steeper and steeper as x — a. Figure (a, b, ! i
II c) illustrates the three posibilities that we have discussed. Il
1 . 1
1 K = 1
1 1
II ’-’/ II
1 1
I \ . . ; I
| T H * 9 1y 3 |
1 o 1
i G St (b) A discontinuity i
1 1
1 1
1 % |
] ]
1 1
1 1
1 1
1 1
1 T b I
1 " 1
ll (c) A Vertical tangent I I
1 1
I| Limit f(a + h)-f(a) ll
II Right hand & Left hand Derivatives By definition : f'(a) = "° h I I
1 I
l. (i) The right hand derivative of f' at x = a denoted by f'+(a) is defined by : Il
1 1
i Limit f(a+hi-f(a) [
1 f'i(@)= "1 h , provided the limit exists & is finite. I|
1
|I (i) The left hand derivative of f at x = a denoted by f '-(a) is defined by : |I
1 I
I Limit f(@ = h)-f(a) "
'I f'-(a) = 0 -h , Provided the limit exists & is finite. We also write f ll
I v(@)=f'(at) &f'-(@)=f'(a). II
1
1
. i f'(a) exists if and only if these one-sided derivatives exist and are equal. 1
1 1
I i Wx I
1 i ‘ s 75 x=0 ! i
i ‘ 1+e"* .
I Ex.20 If a function fis defined by f(x) = ' 0 .X=0 show that fis continuous but 1
1 ' not derivable atx = 0 ! I
1 1 )
1 U 1x
i im 2> _ fim > _ fim — '
I Sol. We have f(0 + 0) =*~*1+e »=001+e =-te +1 =0 it
1 1
1 1
1 1
1 1
] 1
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[ = = = = = = = = = o m o m = = m o m = = = = = = = = = o= = = =]
1 |
1 1
1 |
|I lI
1=
I im Lm I
ll f(0-0) = =221+e"* = |l
| |
" Alsof(0) =0 - f(0 + 0) = f(0 - 0) = f(0) = fis continuous at x = 0 i
II xe'ﬁn’l 0 I:
1 iy L 1% .
l| lim M= im L: lim Lﬁx — + l|
. Again F(O 3 0) — =00 x-( x—{1-0 X x—=0:01+p" x—=0<0 @ +1 — 1 i
.l xe!rx D ll
e 1%
il i Q) o e L gy T i
I| £(0-0) = = x-0 x==0-0 X x~0-01+e'* _ g I|
1 II
I| Since f'(0 + 0) = (0 - 0), the derivative of f(x) at x = 0 does not exist. 1
| 1
| f'r><+T‘[—’-r Find f |F '
| Xt |=5 - |x] vx. Findf |5
M Ex.21 A function f(x) issuchthat * 2/ 2 IxI .2/, if it exists. II
1 |
1 " oa _‘ 1
1 f[Hﬂ.i - |xl = f 1_1 |
1 , 2) 2 2 | 1
. Sol. Given that = / I
1 Il
1 T ) [fm) -
l. » f(2+hf‘—f[2.]_;_|n|_;_ q II
1 = n = n == |
|l II
| o £ |
. . _h|-qE] ®_j_p|_= 1
[ = and f (l_}dm ] f[.2.»’=2 s I
1 L2 ) h=o -h -h 1
1 !
1 o |
|I f [E} doesn’t exist lI
I = 2’}- oesn € exIst. II
|
ll uﬂqu(a-h‘n]‘r ll
lI Ex.22 Let fbe differentiable at x = a and let f(a) * 0. Evaluate = | @) || ll
| ‘ 1
|I Lim if(a +1n)| 'I
" Sol. /= "= | f@ (1= form) "
| 1
n (. [fta=¥n)-i(a)] | [ fla+h)-fla) 1 Fa) 1
[ L= > B Fy - I
o f il Lo e @ e utn=1/h) i
| 1
| |
I 1
1 II
I
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[ = = = = = = = = = o m o m = = m o m = = = = = = = = = o= = = =]
1 1
] 1
1 1
II II
I Ex.23 Let f: R » R satisfying |f(X)] = X%, 7 X = R then show f(x) is differentiable at x I
1 = 1
I =0 I
1 1
II Sol. Since, If(X)1 =x*, w xR - atx=0,[f(0)| 0= f0)=0 ..(i) II
1 1
1 = 1
| 5 f(0) = IimM Iimm - _ |
lI h—0 =0 h (i) {f(0) = 0 from (i)} lI
'l II
(h) h .. i
" fﬂg|h|:—|h|zf%z|hlzﬁmf% e "
1 Now, — 0 ...(iii) {using Cauchy- 1
II Squeeze theorem} II
1 1
L " from (ii) and (iii) , we get f'(0) = 0. i.e. f(x) is differentiable at x = 0. I .
1 1
ll F. Operation on Differentiable Functions II
1 1
I| 1. If f(x) & g(x) are derivable at x = a then the functions f(x) + g(x), f(x) - g(x), f(x). |I
1 g(x) will also be derivable at x =a & if g(a) = 0 then the function f(x)/g(x) will also 1
I' be derivable atx = a. ||
1 1
'. If f and g are differentiable functions, then prove that their product fg is II
[ differentiable. 1 .
1
'. Let a be a number in the domain of fg. By the definition of the product of two I|
|| functions we have II
1 1
i (fg) () =f(a) g(a) (fg) (a +t) =f(a+1t) g(a+1t). !
1 |
" imf@@+1t)-(fg)a) _ . fa+bola~t)-f(algia) o
1 Hence (fg)' (a) = *+° t =0 t 1
1 1
I. The following algebraic manipulation will enable us to put the above fraction into a I|
II form in which we can see what the limit is: 'I
1 1
II fla+t)gla+t)-f(a)g(a)=fla+t)gla+t)-f(a)g(a+t) +f(a)g(a+t)-f(a)gla) ll
1 1
" =[f@+t)-fa)]gla+t) +[gla+1)-g@)]f(a) "
1 = 1
! [im[f(a—t)—f(a)g(a+t)_g(avt)—g(a)f(a)ll o
I Thus (fg)' () = ©%L ! t 4, I
1
II 1
1 1
1 1
1 1
] ]
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[ = = = = = = = = = o m o m = = m o m = = = = = = = = = o= = = =]
| 1
] ]
1 1
1 1
II The limit of a sum of products is the sum of the products of the limits. Moreover, ll
II f'(a) and g'(a) exist by hypothesis. Finally, since g is differentiable at a, it is Il
lim
'I continuous there ; and so t~o 9(3 1) = f(a). We conclude that 'I
1 1
I +1) - - ( I
. . lm[wg(a_t)-wf(a)l' .
o (f9)'(@) = : o
] ]
. =f(a)g(a) + g'(a)f(a) = (Fg + g (a). y!
1 1
| 2. If f(x) is differentiable at x = a & g(X) is not differentiable at x = a, then the |
'I produc|t f|unction F(x) = f(x) . g(x) can still be differentiable at x = a e.g. f(x) = x and 'I
1 = |X] 1
.l 3. If f(x) & g(x) both are not differentiable at x = a then the product function ; II
1 _ 1
g F(x) = f(x) . g(x) can still be differentiable at x = a e.g. f(x) = ' X! & g(x) = X! .
1 1
i 1 4, If f(x) & g(x) both are non-deri. at X = a then the sum function F(x) = f(x) + g(x) II
I' may be a differentiable function . e.g. f(x) = ' X! & g(x) = - X!, II
1 1
l. 5. If f(x) is derivable at x = a = f'(X) is continuous at x = a. |I
1 II
| 2ain T ;
i X C_]c,mT !l];x.:{[]} l|
i eg f(x) = e "
]
ll G. Functional Equations I I
1 I
. Ex.24 Let f(xy) = xf(y) + yf(x) for all x, ¥ = R" and f(x) be differentiable in (0, o) iy
i I then determine f(x). " !
] 1
1 ; Given f(xy)= xf(y) + yf(x) 1 i
1 1
| Sol. Replacing x by 1 and y by x then we getx f(1) =0 lI
II 'I
1 T{ 1+ J f(x)
1
1
; I h h) . 1
]
i Imxf{_1+x_]+fk.1+x!|r(x)—f(x} .I
.I h—0 h 1
1 1
| 1
1 1
1 1
] ]
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[ = = = = = = = = = o m o m = = m o m = = = = = = = = = o= = = =]
1 1
] 1
1 1
II II
i xff1+ h]+hf(x) i
1 . L XS X 1
1 = Im h 1
1 1
II . : II
4 h‘
| i1+ 1
I _ lim l .x"lflim@ _ (x) [
I = h=0 [nj o x —FOO+ =~ I|
1
1 X |
ll II
1 f(x) xr(x)-1(x) _1(1) 1
i = f(x) - T =f{1)= T_T 1
1 1
II II
d [T0] _T()
l ——
[ o L x ) x i
lI II
1 On integrating w.r.t.x and taking limit 1 to x then f(x)/x - f(1)/1 =f(1) (Inx-1In 1) I|
1
1 i |
' = %—0=f'(1)[n){ '|
1 1
1 i
|' s f{1)y=0)» f(x)=1f1) (xhx II
1 1
ll Alternative Method : II
1 1
1 Given f(xy) = xf(y) + yf(x) II
1
I| Differentiating both sides w.r.t.x treating y as constant, ' (xy) .y = f(y) + yf'(x) :|
1
|' Putting y = xand x = 1, then |I
1 §
" F(xy). x = f(x) + x(x) :.
1
! Xf(x)-f(x) _ f(1) ol
I = % X I
1 1
1 . 1
I d [@ I_M '.
s =
II dx X J X 1
1 .I
II Integrating both sides w.r.t.x taking limit 1 to x, i
1
I f(x) '
:I %-@=f‘(1){lnx-lnl} = =y —0=Ff(1)Inx :I
1 1
1 1
1 1
1 1
] ]
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[ = = = = = = = = = o m o m = = m o m = = = = = = = = = o= = = =]
I - - - ] - - - - - l
. ]
I 1
: 1
; |
II Hence, f(x) =- f'(1)(x In x). 'l
; 1
1 Ex25IFETI) = €00 £ €M) YR Y SR and £(1) = e, determine £(9). "

]

1 II
1 Sol. ]
' |
|I Given e f(xy) = e=>f(x) + evi(y) ...(1) |I
I 1
l| Puttingx=y=11in (1), wegetf(1) =0..(2) l|

1
ll f(x +h)—f(x) |I
_f(x+h)—-fi(x
l| Now, f(x) = ;UT:) ( - I:
|I : 1
I f{x1*l+nﬂ—f(x1) it
! - ima X I
. 1
|l II
W
i I e**'.j[ e"‘f(x)+e-11rl 1+ : )}-2*(e—*f(x)+e-‘r(1)) ll
I =lim—— S I
1 L h "
i 1
. L h 1
|' e"f(x)se Xfl1+ xl-f(x)-e"-‘f(n |I
1 = lim . I
1 h—0 h "
' 1
II h o, i
1 : \ Bh-"f[1+ A I|
1 (et -1 im X ~ I
1 = f(x) I ——| + etx-0 I} h (- {1} = 0) '
l . A X. X l
' 1
|I II
g %=1
i — 00 .1+ en-i, LD =f00+ =« F(1) =e) "
' |
' ]
1 < 1 I
1 F = .] + e_ = E"F’(X) — g f(}() -— 1
i L = !
; 1
|I II
d 1
. = 4 =) = 5 |
' 1
l| On integrating we have exf(x) =Inx +catx=1,c¢=0 lI
. 1
' 1
: 1
: 1
; ]
I - - ] _] - I
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[ = = = = = = = = = o m o m = = m o m = = = = = = = = = o= = = =]
1 1
] 1
1 1
1 1
ll ~ f(x) =exInx ll
1 1
" Ex.26 Let f be a function such that f(x + f(y)) = f(f(x)) + f{¥) x, i
. y 7 % y=sRandf(h)=hfor0<h<e ywhereg> 0, then determine f"(x) and f(x). i,
1 1
II Sol. Given f(x + f(y)) = f(f(x) + f(y)) ...(1) II
1 1
'I Putx =y =0in (1), then f(0 + f(0)) = f(f(0)) + f(0) = {(f(0)) = £(f(0)) + f(0) ll
1 1
1 =~ f(0) =0..(2) 1
1 1
1 1
- f(x +h)—fi
ll Now f'(){) 2 L‘E&w ll
1 1
II II
_ i F(F(R))
ll = lim p from (1)} II
1 1
) fim T iim™ =1 )
. = o (- fh)=h) = Ime=1 I
II II
I' Integrating both sides with limites 0 to x then f(x) =x ~ f(x) = 1. II
1 1
ll Classification of Discontinuity II
1 1
1 Definition |I
1
'. « Leta function f be defined in the neighbourhood of a point ¢, except perhaps . |
.l at citself. ||
1 lim f(x)and 1M f(x) exist, |
1 e Also, let both one-sided limits *® e lI
l| where Jl'l‘ f(xx) = JLT (2. ]
1
I| « Then the point c is called a discontinuity of the first kind in the function f(x). |
1 lim 1
" « In more complicated case e 00 may not exist because one or both one- |
ll sided limits do not exist. Such condition is called a discontinuity of the second '.
1 kind. 1
i 'l
I. (x2+1 for x<0, 1
= 1
: 1 The function y = 4 o=, |
1 -x for x>0, 1
] |
1 1
1 1
1 1
1 1
1 1
1 1
1 1
] ]
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[ = = = = = = = = = o m o m = = m o m = = = = = = = = = o= = = =]
| 1
] ]
1 1
II II
i o i
g 5 1
| 1
] ]
II 1 II
| [ > X 1
I 0 1
1 1
] ]
'l lI
1 : 1
1 1
| 1 1
1 »X 1
" —']UI = "
II II
.l has a discontinuity of the first kindatx =0 I|
1 1
.' o The functiony = |x| /xis defined forallx € R, x # 0; butatx =0 it has a |I
1 discontinuity of the first kind. I |
I o 5 _ 3
. The left-hand limit 1s j'_[g' y = -1, while the II
1 o i R lim =
. right-hand limit is D y=1 I
lI The functi ! Il
SRR = o)
'. . =Zpe=) has no limits (neither one-sided nor two-sided) at II
I mo I
i x=2and x = 3 since *?(*-2)x-3) ~ " Therefore x =2 and x = 3 are |I
.I discontinuities of the second kind | i
1 i
I Ul '-
1 : :L
1 P i
| of 2 3 |
1 N\ I
| :'ﬂ" ]
1 II
]
ll « The functiony = In |x| at the point x = 0 has the 'I
I fin - lim ¢ e e !
I limits x> ™ P1===- consequently, = ) (and also the one-sided limits) I
II do not exist; x = 0 is a discontinuity of the second kind. ll
[ « [tisnot true that discontinuities of the second kind only arise .I
1 y
lim =l
|I when 22 in ] = —. |I
1 The situation is more complicated. 1 I
|
1 1
] 1
1 1
I 1
1 1
] ]
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[ = = = = = = = = = o m o m = = m o m = = = = = = = = = o= = = =]
1 1
] 1
1 1
1 1
'. » Thus, the function y = sin (1/x), has no one-sided limits for x — 0- and x ll
1 — 0+, and does not tend to infinity as x - 0 There is no limitas x — 0 since 1
1 ' the values of the function sin (1/x) do not approach a certain number, but i ¥
II repeat an infinite number of times within the interval from -1 to 1 as x— 0. II
1 1
1 Ny 1
1 1
| N D . 1
] ]
[ A ﬂ ﬂ ﬁ ﬁ - [
] ] ” |
o LY -
I i R I
1 1
] ]
1 Il
|l Removable & Irremovable Discontinuity |
1 1
' Limit !
'l Incase x-¢ ') exists butis not equal to f(c) then the function is said to have a II
1 removable discontinuity. In this case we can redefine the function such I|
1 Limit
I| that x—e 09 = f(c) & make it continuous at x = c. II
1 I
[ 1. Removable Type of Discontinuity Can Be Further Classified as 1 .
]
1 i 1
Limit
.' « Missing Point Discontinuity: where Sea’ 109 ovists finitely but f(a) is not |I
1 o) = (1-x)(9-x%) II
'. defined. e.g. (1-x) has a missing point discontinuity at x =1 i
! : ; = where Limit flx) . : I
.l » Isolated Point Discontinuity : G exists & f(a) also exists II
[ but ** ]
2 _
ll e.q.fx) = X 16 ' l|
I X-4 x+#4& f(4)=9hasabreak atx=4. .I
1
! Limit ¢ ol
" In case *° does not exist then it is not possible to make the function |
ll continuous by redefining it. Such discontinuities are known as non - removable '.
1 discontinuity. 1 :
]
]
g i 2. Irremovable Type Of Discontinuity Can Be Further Classified as i 1
1
|I + Finite discontinuity : e.g. f(x) = x - [x] at all integral x. |I
|' e.g. f(x) = 1 or g(x) = 142 at x =4, |I
I « Infinite discontinuity : ¥h (x—-4) i I
'l + Oscillatory discontinuity: e.g. f(x) =sinl/xatx=0 ll
1
1 1
1 1
] ]
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[ = = = = = = = = = o m o m = = m o m = = = = = = = = = o= = = =]
1 1

] 1
1 1

1 1
'. In all these cases the value of f(a) of the function at x= a (point of discontinuity) ll
1 Limit 1
.I may or may not exist but where Sea” 79 goes not exist. lI

] 1
I Remark I
1 ! 1 I

i (i) In case of finite discontinuity the non-negative difference between the value of 0
'I the RHL at x = ¢ & LHL at x = c is called The Jump Of Discontinuity . A function 'l
1 having a finite number of jumps in a given interval I is called a Piece-wise [
i . Continuous or Sectionally Continuous function in this interval. . I

1 1
II (ii) All Polynomials, Trigonometrical functions, Exponential & Logarithmic functions II
1 are continuous in their domains. 1

1 i 1
1 /! f .

1 (iii) Point functions are to be treated as discontinuous ©9-f(¥) = v1-x+x-1jg not II
.l continuous at x = 1. 1
1 1
Il (iv) If fis continuous at x =c & gis continuous atx = f(c) then the composite ||

1 g[f(x)] is continuous at x = c. II
1
'| eg . f(x) = — & (x) = x| II

1 e B a2 - are continuous at x = 0, hence !
1 xsinx I

1 ) gof ) =57 51 ; '
'l the composite ~<l will also be continuous atx = 0. II
| 1
i, Relation Between Continuity & Differentiability " I

1 I
ll E. Relation between Continuity & Differentiability 1 I
1 I

1 If a function f is derivable at x then fis continuous at x. : |
1

! e 106 + h)-T(x !
| I For : fr(x)= Limit % exists. ' '
1 1

1 |
b Also f(x+h)—f()c)=f{x+i:])'f{x}.h[h;e 0] i
1 1

] i ]
" Therefore LMt (503 & h)—f(x)] I
1

I i !
1 imit T(x + h)-T(x .

: - L;%ﬂ 5 )_n=r(x).0=u I
1 1

1 1
1 1

1 1
1 1

1 1
1 1

] 1
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[ = = = = = = = = = o m o m = = m o m = = = = = = = = = o= = = =]
1 1
] 1
1 1
II II
ll Therefore L,ETJ‘ [f(x+h)-f(x)]=0 .l
1 1
.| = Lrl.To't f (x+h) = f(x) = f is continuous at x. l|
1 1
1 1
1 If f(x) is derivable for every point of its domain, then it is continuous in that domain . 1
1 1
! 1 The converse of the above result is not true : 1 1
1 1
.' "If f is continuous at x, then f may or maynot be derivable at x" |l
1 1
II . ;. 1
x| & g(x) =xsin — ; x=0 i
ll The functions f(x) = X & g(0) = 0 are continuous at x = '|
|I 0 but not derivable at x = 0. |I
1 1
1 Remark: I
1 1 .
|l (a) Letf'+(a) =p & f_(a) =q where p & q are finite then: |I
1
'. (i) p=q = f isderivable at x = a = fis continuous at x = a. :|
1
l' (ii) p #q = f isnot derivable at x =a but fis continuous atx = a |:
1
'. Differentiable = Continuous ; Non-differentiable = Discontinuous II
| 1
II But Discontinuous = Non-differentiable . II
1 i
1 (b) If a function f is not differentiable but is continuous at x = a it geometrically |I
'l implies a sharp corner at x = a. 1
1 |
'| -1-x ; x=-1 I|
" 21 ; —1<x=0 "
g k(-x+1) ; 0<x=<1 gl
! : Ex.15Iff(x) = Ux-1 ; x>1 , then find the value of k so that f(x) becomes ! i
1 continuous at x = 0. Hence, find all the points where the functions is non- 1
i differentiable. "
1 1
ll Sol. From the graph of f(x) it is clear that for the function to be continuous only .I
1 possible value of k is 1. 1
|
lI 1
] |
1 1
1 1
1 1
1 1
1 1
] ]
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1
1
1
1
1
1
Points of non-differentiability are x =0, +1. 1 '
]
r - l
JI1-4x*] , 0=x<1 Il
Ex.16 If f(x) = X7 =2x], 1=x<2 yhere [.] denotes the greatest integer function. II
]
Discuss the continuity and differentiability of f(x) in [0, 2). I I
1
Sol.Since 15X <2=0% x-1<1then[x?-2x]=[(x-1)2-1]=[(x-1)?]-1=0-1 I|
=-1 I
1
1 I
1-4x% , 0€x<— I
1 > II
f[x)=rx2-1 ; ESxd |
-1, 1£x<2 "
1
II
Graph of f(x) : 1
1
i
N 1
i
1
|
14 |
§
= 9 a1 ik |
1
=3 *=—10 .
II
[t is clear from the graph that f(x) is discontinuous at x = 1 and not differentiable 1
at x=1/2,andx=1 ll
1
Further details are as follows ll

1

1-4x? , 0SX<—
) 2
2
f(?{]'= 4x° -1 | ESX(T
-1 1£x<2

—Bx, 0<x<1/2
8x, 12=x<1
0, 1£x<2

fi(x) =

Page 38 of 51
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[ = = = = = = = = = o m o m = = m o m = = = = = = = = = o= = = =]
1 1
] 1
1 1
1 1
g I o [-4 x<u2 8, x<1 g
[ fFOd=14 xs>y23d FOI=1p x4 [
II Il
II Hence, which shows f(x) is not differentiable at x = 1/2 (as RHD = 4 and LHD = - II
" 4)and x = 1 (as RHD = 0 and LHD = 8). Therefore, f(x) is differentiable, for x € [0, y
II 2)-{1/2, 1} II
1 1
'l x? it x <1 l|
I o i
g Ex.17 Suppose f(x) = = ax“=bx +c if x 21 .If £ (1) exist then find the g
|I value of a2 + b2 + c2. |I
1 1
| Sol. For continuity atx =1 weleave f(1-)=1andf(1+) =a+b+c II
1
1 1
1 a+b+c=1..01) |l
1
1 2 1
1 3x it x<1 I
[ £ (x) = { - [
II 22 +b il x21 for continuity of f' (x) atx=1f'(1-)=3;f'(1*)=2a+b II
1 i
" hence 2a+b =3...(2) II
1 1
1 Bx I x <1 Il
b F" (x) = [ o [
|I 2a Wx=1 fr(12)=6;f" (14) = 2afor continuity of " (x) 2a=6 = a II
I =3 [
1 i
.l from (2),b=-3;c=1.Hence a=3,b=-3;c=1 I|
1 I
1 _ 5 lI
lI oo 2lat =19 L
1 1
I' Ex.18 Check the differentiability of the function f(x) = max {sin-! |sin x|, cos! |sin .'
I x|} I
1 1
1 _ 1
1 Sol. sin’! |sin x| is periodic with period * = sin’! |sin x| ll
] i
1 ceLineE 1
) Jx , MEEXENTLS i
| ‘ 5 1
| ‘:—x , Mm+==X=<Nn+mx |
1 e b 2 1
] - |
1 1
] |
1 1
1 1
1 1
1 1
1 1
] ]
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I - - - ] - - - - - - - - - - - - - - - L - L] - - - - - - I
| 1
] ]
1 1
1 1
| T |
i ] = . |
II Also cos |sin x| = 2 - sin"! |sin x| Il
| 1
] ]
1 [x.%-x : nrerﬂmH-g 1
" = f(x) = max i 5 1
1 ln—x,x— ----- , M+—<X<nm+mw 1
1 2 2 1
1 1
] ]
ll ;—)(, I'III:S)(EI'ITH-; ll
I . o I
| X, No+— <NI+ — |
! = f(x) = i ? 3x L
! T—X, M+ <XENR+— I
1 2 4 [ |
| T 3n 1
1 X——, NM+—<XENm+T7 1
[ -2 4 I
1 1
1 i B X an . |l
' = f(x) is not differentiable at T4727 47 I
1 1
1 - I
1 X=—, |
1 = f(x) is not differentiable at 4 II
1
1 i
1 Ex.19 Find the interval of values of k for which the function f(x) = |x2 + (k- 1) |x] - |
I 1 k| is non differentiable at five points. I |
1 1
1 Sol. I
| II
1
I ¥ I
1 1
1 |
|
1 # i
1 1
1 1
] 1
|
' f(x) = [x2+ (k- 1) Ix| -kl =[(Ix] - 1) (|x] + k)| I
| 1
i i Also f(x) is an even function and f(x) is not differentiable at five points. . '
1 So |(x-1) (x + k)| is non differentiable for two positive values of x. |
1 1
.' = Both the roots of (x - 1) (x + k) = 0 are positive. |l
1 1
b =k < 0= ke (-x,0). T
1 1
| ]
1 1
1 1
1 1
I 1
1 1
] ]
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1 1
] 1
1 1
1 1
'. Definition : A function fis differentiable at a if f'(a) exists. It is differentiable on an '.
1 open interval (a,b) [or (a, x) or (-, a) or (- «, x)] if it is differentiable at every 1
.l number in the interval. .l
] 1
! | Derivability Over An Interval : f(x) ' I
1 is said to be derivable over an interval if it is derivable ateach & every point 1
l' of the interval. f(x) is said to be derivable over the closed interval [a, b] if: l'
] ]
ll (i) for the points aand b, f'(a*) & f'(b-) exist & ll
1 1
Il (ii) for any point c such that a<c<b, f'(ct) & f(c-) exist & are equal. Il
] ]
1 : Limit and Continuity & Differentiability of Function Formulas 1 I
1 1
.I Things To Remember : II
l L . " . l
I Limit _ Limit |
i 1 1. Limit of a function f(x) is said to exist as, x—»a when X—22" f(x) = 5ot f(x)= I !
1 finite quantity. I|
1
|' 2. Fundamental Theorems On Limits: 1 I
1 I
' Limit Limit g
1 — 1
[ Let x—a f(X) I & x=a g(x) = m. If] & m exists then : |I
1
| s 1
Limit —
g i) >a (X 2gE)=1ldm !
1 I
! Limit fx) _ ;
I (i) %ot f(x) g(x) =1L m g
'l II
o Limit 10 _ £ .
i i 7 &@ M providedm # 0 i
1 |
! Limit Limit "
.' (iv) x—=a kf(x) =k *22 f(x) ; where kis a constant. 1
]
II ]
1 1
1 1
1 1
1 1
] |
1 1
] |
1 1
1 1
1 1
1 1
1 1
] 1
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[ = = = = = = = = = o m o m = = m o m = = = = = = = = = o= = = =]
1 [
1 1
1 1
lI lI
' Limit _ { it '
'l (V) X—a f[g(x)] - f _];lgléllt g(x) T f(m) . ided fi : _ 'l
i = ; provided f is continuous at g (x) = i
1 m. 1
1 o o 1
i Limit 7y (f(x) = ln[&f‘;t f(x)} Inl(>0). ¥
II For example II
|I 3. Standard Limits : |I
1 1
1 : -1 e | '
i Limit S1M% _\ _ Limit 0% _ Timjt @0 X _yjmjc SI0X i
1 x—0 x—0 x—0 x—0 1
1 (a) X X X X [ 1
Il Where x is measured in radians | |I
1 1
1 - X i 1
imi imi 1 Limit
| LIt (L + e = e=Limit 1, 1 B /
1 X/ note howeverthere n—= (1-h)n= |
'| Oand ll
1 1
I Limit !
' h-0 (l+h)P—>eo "
I' i I
1 1
1 Limit Limit II
. (©)If =2 f(x)=1 and *>2 ® (x) = o, then; |
1 L Limit
[ Limit y]ox) OO (x)-1] [
.l X—a [f(x)]d) :ex_}a II
1 I
I Limit Limit |
'| (@If x=a f(x)=A>0& x>a @ (x) = B (afinite quantity) then ; ||
1 1
I Limit 0(x) Limit '
II X—a [1C0] =ezwherez= *72 @ (x).In[f(x)] = eBnA = AB |I
' W 2 . X I
A Limit a” —1 Limit ¢ -1 _, 1
i
|: (e) =4 X =1na(a>0).In particular R X ll
1 n i
11mit X —a = 1
l| ® X—a Il
] |
'I 4. Squeeze Play Theorem : i
1 1
1 1
1 1
1 II
II 1
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[ = = = = = = = = = o m o m = = m o m = = = = = = = = = o= = = =]
1 1
] 1
1 1
II II
I Limit Limit Limit I
ll Iff(x) <gx) <h®)vx & x—a f(x)=1= X2 h(x) then *22 gx) =1 ll
1 1
II 5. Indeterminant Forms : II
1 1
i 0 e O oo o '
I —, — , OXoo , 0°, ° , co—0eo and 1 !
I 0 oo i
lI II
1 Note: |
1 1
1 . (i) We cannot plot o on the paper. Infinity (o) is a symbol & not a number. It does I '
: 1 not obey the laws of elementry algebra. i i
1 1
1 (i) o+ 00 =00 1
lI II
'l (iii) co X 00 = 00 I|
i (iv) (a/o0) = 0 if a is finite |:
1
I| (v) a/0 is not defined, ifa # 0. :|
1
.' (vi)ab=0,if&onlyifa=00orb=0 and a &b are finite. ||
1 1
'. 6. The following strategies should be born in mind for evaluating the limits: II
| 1
i, (a) Factorisation II
1 I
Il (b) Rationalisation or double rationalisation 1 I
1 1
1 (c) Use of trigonometric transformation ; appropriate substitution and using lI
'l standard limits I
1 1
II (d) Expansion of function like Binomial expansion, exponential & logarithmic II
y expansion, expansion of sinx, cosx, tanx should be remembered by heart & are |
i given below : X
1 1
1 1
] 24,2 34,3 1
xlna x"In"a x Inva
" a*=l+—"+ ~ 4 b >0 "
) 2 3 II
1
X X X
ll ele'l'F'i'?'i‘?‘i‘ |I
o i d |
.I (ii) I
1 1
1 1
1 1
1 II
]
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1 [
1 1
1 1
1 1
II K2 K3 X lI
I In (1+x) = x—?+?——+ ......... for—1<x< I
1
1 (iii) |l
1 e L 1
s SINX =X——+———+....... b
1 (iv) 357 1
1 2 4 6 1
I D S ¢ X I
i cosx=l-—+———~+...... i
1 W) 2! 4! 6! 1
1 1
. x> 2%’ .
F tan X = Xx+—+—+........ 4
II (V]) 33 1? T II
X X X
! tan X =x——+———+....... i
.| (vii) i & 1 |I
I oy 2 5. 123 2552 . [
1 sSimMm X= X+—X" +——X" +—X +....... 1
1 (viii) 3! 51 7! II
I| 2 5 4 6 6 I
-1 PR < X Ix
i  SECTX =l ——t— lI
i (ix) 2! 4! 6! i
1 1
! r (Continuity) I I
1 1
! Things To Remember : II
1 .. i
" Limit II
1 1. A function f(x) is said to be continuous at x = ¢, if *77€ f(x) = f(c). Symbolically 1
) Limit Limit 1
1 fis continuous atx = cif h—0 f(c-h) = h—=0 f(c+h) = f(c). |
'. i.e. LHL at x = ¢ = RHL at X = c equals Value of ' at x = c. '.
1 [t should be noted that continuity of a function at x = a is meaningful only if the .I
. ' function is defined in the immediate neighbourhood of X = a, not necessarily at x = 1
|
l| a. i
1 1
1 2. Reqsoqs of discontinuity: 1
- Limit !
I () X*—¢ f(x) does not exist I
! Limit  Limit "
I le. x—=¢ f(x) # X2¢ f(x) "
. (if) f(x) is not defined at x=c .
I Limit A
b (i) x—=¢ f(x) #=f(c) I
1
II 1
1 1
] ]
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[ = = = = = = = = = o m o m = = m o m = = = = = = = = = o= = = =]
1 1

] 1
1 1

1 1
! I Geometrically, the graph of the function will exhibit a break at x= c. ! "
1 1
.' The graph as shown is discontinuousatx =1, 2 and 3. .'

] 1
! : 3. Types of Discontinuities : ! ;
1 Type - 1: ( Removable type of discontinuities) 1
. Limit o

0 Incase X*7¢ f(x) exists but is not equal to f(c) then the function is said to have a 0
ll removable discontinuity or discontinuity of the first kind. In this case we can ll
" Limit "
1 redefine the function such that X—¢ f(x) = f(c) & make it continuous at x= c. 1
i I Removable type of discontinuity can be further classified as : i i

I Limit I
II (a) Missing Point Discontinuity : Where X—2 f(x) exists finitely but f(a) is not II
[ defined. 1

1 1 9 2 I
' (1-x)(9—x7) !
; 1 (l ) . i

1 e.g.f(x) = = has a missing point discontinuity at x = 1, and f(x) i
i sinx "
1 1

I = X I
1 1 .

1
1 has a missing point discontinuity atx = 0 1
! Limit !
II (b) Isolated Point Discontinuity : Where x—a f(x) exists & f(a) also exists but II

)

I - Xx“—16 I
ll Limit# —— | |
1 ;o X722 f(a).eg f(x) X —4 X # 4 & f(4) =9 has an isolated point [
'l discontinuity at x = 4. |'

I 0 ifxel I
1 1

I |: i I
1 :

II Similarly f(x) = [x] + [ -x] = -1 ifxe Ihas an isolated point discontinuity at .'

0 allxel. g
1 1 :
1 . Type-2: (Non - Removable type of discontinuities) 1
i Limit I

§ Incase XC f(x) does not exist then it is not possible to make the function Il
! I continuous by redefining it. I

1
1 i 1
1 1

1 1
1 1

1 1
1 1

] ]
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I - - - ] - - - - - - - - - - - - - - - L - L] - - - - - - I
1 1
] 1
1 1
1 1
. I Such discontinuities are known as non - removable discontinuity or discontinuity of ' "
1 : the 2nd kind. Non-removable type of discontinuity can be further classified as : 1 I
1 1 1
] - 1
II (a) Finite discoiltinuity e.g. f(x) = x — [x] at all integral x; f(x) = tan-1 X atx =0 II
1 1
1 ' 1
1 b 1
l and f(x) = 1+2% atx =0 (note that f(0+) = 0; f(0-) = 1) l
1 1 1 1
1 1
1 4 2 1
'I (b) Infinite discontinuity e.g. f(x) = X — % or g(x) = (X—4)" atx=4 (@) = 'I
1 1
: L f(x) = cOsX I
| 2 1
1 2unx gt x = £ and f(x) = X atx=0. 1
1 1 1
1 I
1 — 1
.' (c) Oscillatory discontinuity e.g. f(x) = sin X atx = 0. |I
1 In all these cases the value of f(a) of the function at x= a (point of discontinuity) i
1 T 1
I Limit I
1 may or may not exist but X2 does not exist. I
1 A I
[ y [
1 1
1 1
1 1
| 1
1 I
1 1
1 I
ll II
[ -1 I
1 > |
' .\-tr X i
1 .I
" Nature of discontinuity o
1
1 ! Note: From the adjacent graph note that 1 '
I - fis continuousatx = -1 II
'. - fhasisolated discontinuity atx =1 1
1 - fhas missing point discontinuity at x = 2 1 i
.' - fhas non removable (finite type) 1
: 1 discontinuity at the origin. . I
] |
1 4, In case of dis-continuity of the second kind the non-negative difference between 1
. ' the value of the RHL at x = ¢ & LHL at x = c is called The Jump Of Discontinuity. A 1 ;
1
II 1
1 1
1 1
] ]
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[ = = = = = = = = = o m o m = = m o m = = = = = = = = = o= = = =]
1 1
] 1
1 1
1 1
'. function having a finite number of jumps in a given interval I is called a Piece Wise ll
1 . Continuous Or Sectionally Continuous function in this interval. 1 I
1 1
1 5. All Polynomials, Trigonometrical functions, exponential & Logarithmic functions |
'I are continuous in their domains. 'I
1 1
II 6. If f & g are two functions that are continuous at x= c then the functions defined by II
] : ]
ll Fi(x) = f(x) + g(x) ; F2(x) =K f(x), Kany real number ; F3(x) = f(x).g(x) are also ll
1 continuous at x= c. 1
] ]
lI Further, if g (¢) is not zero, thenF4(x) = g(x) is also continuous atx=c. lI
1 1
.I 7. The intermediate value theorem: II
|I Suppose f(x) is continuous on an interval I, and a and b are any two points of [. Then |I
Il if yo is a number between f(a) and f(b) , their exists a number c between a and b II
1 such that f(c) = yo. I|
1
1 ' Note Very Carefully That : 1 I
1 I
'. (a) If f(x) is continuous & g(x) is discontinuous Il
l. at x = a then the product function ¢ (x) = f(x). g(x) II
1 t I [
. sing- x#0 |'
II ; 2 : : _ _ _ 0 x=0 |
I is not necessarily be discontinuous atx = a.e.g. f(x) = x & g(x) = I
1 I
1 (b) If f(x) and g(x) both are discontinuous at x = a then the product function @(x) = II
|' f(x). g(x) is not necessarily be discontinuous at x = a. e.g. f(x) = — g(x) |I
] 1
1 -1 x<0 1
1 = |
1 1
il : it
i (c) Point functions are to be treated as discontinuous. eg. f(x) = -\/I—X +\/X—1 1
! I is not continuous atx = 1. ! i
1 1
II (d) A Continuous function whose domain is closed must have a range also in closed II
1 interval. |
'I (e) If fis continuous at x = ¢ & g is continuous at x = f(c) then the composite g[f(x)] ll
1 1
1 1
1 1
1 1
1 1
] ]
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1 1
] 1
1 1
1 ; 1 I
I . X sinXx I
' ) =", &g =I|x]| :
'l is continuous at x = c. eg. XTF are continuous atx =0 .l
1 X Sinx 1
i . x2+2| . . I
1 , hence the composite (gof) (x) = will also be continuousatx =0. 1
1 1
! i 7. Continuity In An Interval : 1 i
1 1
) ! (a) A function f is said to be continuous in (a, b) if f is continuous at each & every . !
| point €(a,b). |
II (b) A function fis said to be continuous in a closed interval [a, b] if : II
1 (i) fis continuous in the open interval (a, b) & 1
L Limit !
.l (ii) fis right continuous at ‘a’ i.e. x—a’ f(x) = f(a) = a finite quantity. II
I Limit I
'l (iii) fis left continuous at ‘b’ i.e. X—=b" f(x) = f(b) = a finite quantity. I|
1 Note that a function f which is continuous in [a, b] possesses the following ll
1 : properties : 1 :
]
" (i) If f(a) & f(b) possess opposite signs, then there exists at least one solution of the II
1 equation f(x) = 0 in the open interval (a, b). Il
1
1
'. (ii) If K is any real number between f(a) & f(b), then there exists at least one 1
Il solution of the equation f(x) = K in the open inetrval (a, b). ll
1 1
i I 8. Single Point Continuity: " I
1 Functions which are continuous only at one point are said to exhibit single point I
1 ! continuity 1 '
[ x if xeQ x if xeQ [
1 eg f(x) = -Xx if x¢ Q it xeQ are both continuous only II
II atx=0. I
1 1
. ! Differentiability 1 :
]
! Y Things To Remember : I I
1 1
g i 1. Right hand & Left hand Derivatives ; By definition: . .
ll f’(a) _le_it t(a_i_h)_i(a) lI
- |
1 i h-—30 h if it exist 1
1 1
1 1
I 1
1 1
] 1
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1 1

] 1
1 1

1 1
! i (i) The right hand derivative of f’ at x = a denoted by f'(a*) is defined by : ! i
1 .. - - 1
o f.(a+)=L1m1t f(a+h)-f(a) '

+ »

I h—0 h I
1 ; provided the limit exists & is finite. 1 :
1 1
II (i) The left hand derivative : of fat x = a denoted by II
lI Limit f(a e h)—f(a) II

h—0" ’ 1
.' f'(a+) isdefined by : f' (a-) = —h Provided the limit exists 1

1 & is finite. 1
' We also write f'(a+) = f'+(a) & f'(a-) = f'_a). '
I *This geomtrically means that a unique tangent with finite slope can be drawn at x lI
.' = a as shown in the figure. |

1 1
:, (iii) Derivability & Continuity : :,
I' (a) Iff'(a) exists then f(x) is derivable at x= a = f(X) is continuous atx = a. II

1 (b) If a function f is derivable at x then fis continuous at x. I|
I ~ ~
II Limit t(x +h)—f(){) |I
l' For: f'(x) = h=0 h exists. II
! f(x +h)—f(x) i

1 h 1
1 Also f(x + h)-f(x)= h[h # 0] II

[ .. f(x+h)—f(x
" _ Limit ( ! ). "
1 Therefore: [f(x +h)—f(x)] h—0 h h=1"(%).0=10 I

l - - + + I
I Limit Limit i
ll Therefore h—0 [f(x+h)—-f(x)]=0= h—0 f (x+h) = f(x) = fis continuous |:

s atx.

L I Note : If f(x) is derivable for every point of its domain of definition, then it is 1 1
II continuous in that domain. II
1 1

0 The Converse of the above result is not true: g
' I “IF fIS CONTINUOUS AT x, THEN f IS DERIVABLE AT x” IS NOT TRUE. ! i
1 1

i l .l
1

§ e.g. the functions f(x) = | X | & g(X) =xsin X.x#0& g(0) = 0 are continuous at x 1
ll = 0 but not derivable at x = 0. I.
1 Note Carefully : lI
II 1

1 1
1 1

1 1
1 1

] ]
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1 1
] 1
1 1
1 1
II (@) Letf'+(a) =p &f’'_(a) = q where p & q are finite then: ll
1 (i) p=q = fisderivableat x =a = fis continuous at x = a. 1
.l (ii) p # q = fis not derivable at x = a. .l
] 1
'I [t is very important to note that f may be still continuous at x = a. 'I
1 1
; 1 In short, for a function f: ! 1
] ]
'l Differentiability = Continuity ; Continuity # derivability ; Il
1 Non derivibality # discontinuous ; But discontinuity = Non derivability 1
1 1
II (b) If a function f is not differentiable but is continuous at x = a it geometrically II
lI implies a sharp corner atx = a. lI
1 1
1 3. Derivability Over An Interval : 1
.I f (x) is said to be derivable over an interval if it is derivable at each & every point of II
[ the interval f(x) is said to be derivable over the closed interval [a, b] if : II
1
I| (i) for the pointsaand b, f'(a+) & f'(b —) exist & I|
II (ii) for any point c such thata < ¢ < b, f'(c+) & f'(c —) exist & are equal. ||
1 Note: |
1 II
'. 1. If f(x) & g(x) are derivable at x = a then the functions f(x) + g(x), f(x) - g(x), 1
1 f(x).g(x) will also be derivable at x = a & if g (@) # 0 then the function f(x)/g(x) will |I
1 ! also be derivable at x = a. 1
1 I
II 2. If f(x) is differentiable at x = a & g(x) is not differentiable at x = a , then the II
1 product function F(X) = f(X) g(x) can still be differentiable atx =aeg. f(x) =x & II
o g(0) =1x]|. I
1 |
'I 3. If f(x) & g(x) both are not differentiable at x = a then the product function ; ll
1 1
Il F(x) = f(x)- g(x) can still be differentiableatx =ae.g f(x) =| x| & gx) =1x|. I'
1 |
1 4, If f(x) & g(x) both are non-deri. at x = a then the sum function F(x) = f(x) + g(x) ll
.' may be a differentiable function.e.g. f(x) = | x| & g(x) = -| x |. |l
]
II 5. If f(x) is derivable at x = a # f'(x) is continuous at x = a. ll
1 i o T | . 1
x“sing if x#0
. c.g. f(x) = x h
i 0 if x=0 I
| 6. A surprising result : Suppose that the function f (x) and g (x) defined in the i
' I interval (X1, X2) containing the point xo, and if f is differentiable at x = xo with f (xo) ' "
1
II 1
1 1
] ]
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| 1
] ]
1 1
1 1
'. = 0 together with g is continuous as x = x¢ then the function F (x) = f (x) - g (x) is '.
II differentiable at x = xpe.g. F (x) = sinx - x2/3 is differentiable at x = 0. II
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